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The sideslip angle for left-panel stall is reduced to 12 deg by
assuminga largerdownwashangle than in the calculationsforFig. 1.
Changing "0 from 4 to 8 deg in Eq. (6) has this effect.

Conclusions
1) V-tail panel geometric angles of attack and sideslip are func-

tions of six variables:airplaneangles of attack and sideslip, average
downwash and sidewash angles, and V-tail dihedral and incidence.

2) In sample landing approach calculations sideslip angles of
17 deg, possibly reached in turbulence, are calculated to take left
V-tail panelswith 30 deg of dihedral to the stall point.The stall point
is reached at a reduced sideslip angle of 14 deg for a dihedral angle
of 40 deg.

3) In sideslip, induction from the opposite panel reduces local
panel angles of attack, relative to the case for no sideslip. However,
thicker boundary layers caused by cross� ow would lead to lower
panel stall angles, relative to the case without sideslip.

4) The critical sideslip angle for V-tail panel stall is reduced by
3 deg in the sample case, when the assumed sidewash is increased
from 20 to 50% of the sideslip angle. The critical sideslip angle for
V-tail stall is reduced to 12 deg when the downwash factor "0 is
increased from 4 to 8.
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Nomenclature
CD = dissipation coef� cient
C f = skin-friction coef� cient
G° = modeling constant
H = shape factor
H ¤ = kinetic energy shape parameter
Rec = Reynolds number based on chord length
Rex = Reynolds number based on distance from

stagnation point
Reµ = Reynolds number based on momentum

thickness
U¿ D

p
.¿w=½/ = friction velocity

ue = velocity at the edge of the boundary layer
xtr = transition point location
yC D yU¿ =º = nondimensionaldistance from wall
®i = imaginary part of spatial wave number
° = intermittency function
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± = boundary-layer thickness
±3 = kinetic energy thickness
±¤ = displacement thickness
µ = momentum thickness
º = viscosity
» = streamwise coordinate
Á = amplitude of perturbation

Introduction

C OMPUTATION of � ows over airfoils is a challenging prob-
lem because of the various complex phenomena connected

with the occurrence of separation bubbles and the onset of turbu-
lence. In many engineeringapplicationsinvolvingweak streamwise
pressure gradients and small curvature effects, turbulent quantities
can be predicted well assuming fully turbulent � ow. In the case
of low-Reynolds-number airfoil � ows [Re < o.106)], proper mod-
eling of the transition point is crucial for predicting leading-edge
separation.The transition prediction algorithm must be reliable be-
cause the transitionpointmay affect the terminationof a transitional
separation bubble and hence determine bubble size and associated
losses. This again has a strong in� uence on airfoil characteristics,
with drag being the most affected.

A popular transition prediction model is the empirical criterion
by Michel.1 As shown in Refs. 2 and 3, this model gives fairly good
results for many airfoil � ows. In the present study the more gen-
eral en method, proposed originally by Smith4 and van Ingen,5 is
compared to the Michel criterion. The en method is based on linear
stability analysis using the Orr–Sommerfeld equation to determine
the growth of spatially developing waves. There have been several
attempts by Drela and Giles6 and Cebeci7 to apply simpli� ed ver-
sions of the en method in combination with the viscous-inviscid
interaction algorithm.

In thepresentworka databaseon stability,with integralboundary-
layer parametersas input,has been established.This databaseavoids
the need for computing growth rates for each velocity pro� le. Fur-
thermore, in order not to determineboundary-layerparameters such
as displacement thickness, momentum thickness, and boundary-
layer edgevelocityusinga Navier–Stokes (NS) solver, the NS solver
is combined with an integral boundary-layerformulation.

Methods
Flow Solver

The results determined in the present study are computed us-
ing EllipSys2D, a general purpose two-dimensionalincompressible
NS solver, developed by Michelsen8;9 and Sørensen10 and based
on a multiblock � nite volume discretization of the Reynolds aver-
agedNS equationsin generalcurvilinearcoordinates.The codeuses
primitive variables .u; v; and p/. The pressure-velocitycoupling is
obtained with the SIMPLE method by Patankar11 for steady-state
calculations. Solution of the momentum equations is obtained us-
ing a second-order upwind scheme. The steady-state calculations
are accelerated by the use of local time stepping and a three-level
grid sequence.

The turbulence model employed in the present work is the two-
equation k–! SST (shear stress transport) turbulence model by
Menter,12 who obtainedgoodpredictionsin � ows with adversepres-
sure gradients.

Transition Prediction Models

In the present study two different transition prediction models
are used. These are the empirical one-step model of Michel1 and
a semi-empirical en model based on linear stability in the form
of a database, as suggested by Stock and Degenhart.13 The Michel
criterionis a simplemodelbasedonexperimentaldata that correlates
local values of momentum thickness with position of the transition
point. It simply states that transition takes place where

Reµ ;tr D 2:9Re0:4
x;tr (1)

The second model is based on linear stability theory and is re-
ferred to as the en model by Smith4 and van Ingen.5 Linear stability
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theory suggests that the unperturbed steady and parallel mean � ow
is superimposed with a time-dependent sinusoidal perturbation—
the Tollmien–Schlichting waves. This results in the well-known
Orr–Sommerfeld equation,which is a fourth-orderlinear eigenvalue
problem in Á. This equation determines whether spatially develop-
ing waves will be stable or unstable because of the ampli� cation
factor ®i . For positive ®i the waves are damped, and for negative ®i

the waves are growing and the � ow becomes unstable. In this way
the point of instability can be determined. This is de� ned as where
®i D 0, i.e., neutral stability.

The en model predicts turbulencewhen the amplitudeof the most
unstablefrequencyexceedsthe initial unstableamplitudeby a factor
en . The n factor is empiricallydeterminedfromseveralexperimental
data and can vary from one � ow situation to another. It is usually
set at a value around 8–10. In the present work it is set at 9, i.e.,
when the amplitude of the most unstable spatially developingwave
has increased by a factor e9 ¼ 8100. For further details about the en

model, see Refs. 4, 5, and 14.
In thepresentworka databaseon stability,with integralboundary-

layer parameters as input, has been established, as suggested by
Stock and Degenhart.13

The approach is based on the idea that a discrete set of results to
the Orr–Sommerfeld equation is representativefor all possible lam-
inar velocity pro� les and for all relevant disturbance frequencies.
The database consists of stability data on laminar velocity pro� les
represented by laminar boundary-layer parameters ±¤, µ , ±3 , and
ue . The velocity pro� les included in the database vary from ve-
locity pro� les with strong favorable pressure gradient to separated
velocity pro� les. For each of these pro� les, a number of frequen-
cies are investigated by solving the Orr–Sommerfeld equation, and
the resulting stability data are stored in the database together with
the correspondingboundary-layerparameters.The relevantstability
information can then be extracted by interpolation.

The databasewas originally implementedby usingFalkner–Skan
velocitypro� les and has recentlybeen extendedto includeseparated
velocity pro� les described by hyperbolic tangent functions.

Transition Region

The extension of the transitionregion is obtainedby an empirical
model, suggested by Chen and Thyson.15 This is a conceptually
simple model that scales the eddy viscosity by an intermittency
function,varying from zero in the laminar region and progressively
increases in the transitional region until it reaches unity in the fully
turbulent region. The intermittency function, °tr, is given by

°tr.x/ D 1 ¡ exp ¡
u3

e

º2G°tr

Re¡1:34
xtr

.x ¡ xtr/

x

xtr

dx

ue

(2)

The modeling constant G°tr was originally suggested to be 1200 for
high-Reynolds-number� ows.To take into accountseparation,espe-
cially for low-Reynolds-number� ows, it was modi� ed by Cebeci7

to take the form

G°tr D 213
log Rextr ¡ 4:732

3
(3)

The range at which this modi� cation is valid is Rec D 2:4 £ 105 to
2 £ 106 .

Integral Boundary-Layer Formulation

The input parameters for the database are the laminar boundary-
layer parameters ±¤, µ , ±3 , ue, and Rec . This results in some dif� -
culties. First, the determinationof boundary-layerparameters using
the NS solver is not accurate, because the boundary-layerthickness
± is not a trivial parameter to determine. Various attempts include
de� nitions of ± based on vorticity.16 Second, the turbulencestarting
from the transitionpoint in� uences the � ow upstreambecauseof the
elliptic nature of the � ow. This results in boundary-layerparameters
differing from their fully laminar value resulting in erroneous inter-
polationin thedatabase.An alternativeprocedureis thus requiredfor
calculating these parameters. The procedure chosen in the present

study solves the integral boundary-layer equations using an NS
solver as a boundary condition for freestreamvelocity. Because the
transition procedure should be able to take separation into account,
the necessity of an NS solver is clear. The boundary-layerformula-
tion is a two-equation integral model based on dissipation closure.
The two equations are the von Karman integral relation given by

dµ

d»
C .2 C H /

µ

ue

due

d»
D

C f

2
(4)

The second equation is a combination of Eq. (4) and the kinetic
energy thickness equation and is given by

µ
dH ¤

d»
C H ¤.1 ¡ H /

µ

ue

due

d»
D 2CD ¡ H ¤ C f

2
(5)

For laminar � ow the two ordinary � rst-order differential equations
can be solved with the following closure relationship for C f :

Reµ

C f

2
D ¡0:067 C 0:01977

.7:4 ¡ H /2

.H ¡ 1/
; H < 7:4 (6)

together with the additional functional dependencies H ¤ D
H ¤.H; µ / and CD D CD .H; µ/. This model has successfully been
used by Drela and Giles.6 To solve Eqs. (4) and (5), a third rela-
tion is necessary.By using the NS solver to compute the pressureat
the surface and assuming no pressure variation across the boundary
layer (pwall D pe ), ue can be determinedfrom u1 using the Bernoulli
equation along a streamline. The two equations are then solved by
a Newton–Raphson method. Close to the stagnation point, where
the skin friction varies dramatically and a small variation in skin-
friction factor causes a large variation in edge velocity, the equa-
tions are solved using a direct procedure (solve for µ and H , given
ue). When approaching separation, the direct procedure becomes
ill-conditioned because a single-edge velocity corresponds to two
differentskin-frictionfactors.By computingC f usingtheNS solver,
H can be computed using the closure relation, Eq. (6), and Eqs. (4)
and (5) can be solved inversely with µ and ue as variables.

Results and Discussion
Two airfoils were tested. The thin NACA0012 airfoil at Re D

3 £ 106 was chosen as a high-Reynolds-numbercase, and the 19%
thick FX 66-S-196 V1 Wortmann airfoil at Re D 1:5 £ 106 was
chosenwhere a larger transitionalin� uence shouldbe expected.The
computations were carried out assuming steady-state conditions to
take advantageof the local time-steppingprocedure.For each airfoil
a grid-re� nement study was carried out resulting in a 288 £ 96 grid
forbothairfoils.The gridspacingto the � rstgridlineoff the surfaceis
yC ¼ 1. This ensures that the laminar sublayer is properly resolved.

Figure 1 shows the drag curve for the NACA0012 airfoil, com-
putedwith fully turbulent � ow and using the two different transition

Fig. 1 Drag curve for fully turbulent � ow compared with transitional
� ow and experimental data: NACA0012, Re = 3 £ 106 .
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Table 1 Transition point locations for the NACA0012
airfoil at Re = 3 £ 106

xtrup xtrlow

® exp en Michel exp en Michel

0 0.45 0.44 0.43 0.45 0.44 0.43
3 0.20 0.19 0.21 0.66 0.68 0.72
5 0.085 0.060 0.13 0.79 0.84 0.88
8 0.024 0.025 0.070 0.92 0.99 1.00
10 0.013 0.014 0.040 1.00 1.00 1.00
12 —— 0.012 0.014 1.00 1.00 1.00

Table 2 Transition point locations for the FX 66-S-196
V1 airfoil at Re = 1:5 £ 106

xtrup xtrlow

® exp en Michel exp en Michel

¡4 —— 0.50 0.56 —— 0.27 0.25
0 0.53 0.46 0.50 0.50 0.46 0.50
4 0.50 0.45 0.46 0.54 0.50 0.57
8 0.46 0.43 0.40 0.60 0.54 0.73
9 0.45 0.35 0.32 0.62 0.55 0.76
10 0.27 0.17 0.18 0.66 0.57 0.93
11 —— 0.11 0.12 —— 0.61 1.00
12 —— 0.05 0.09 —— 0.64 1.00

Fig. 2 Lift and drag curves for fully turbulent � ow compared with
transitional � ow and experimental data: FX 66-S-196V1, Re = 1:5 £ 106.

predictionmodels comparedwith experimentaldata.17 A betterpre-
diction is obtained for the drag using the transition models. This
emphasizesthe importanceof transitionpoint predictionwhen com-
puting drag characteristics. The pressure distribution is hardly in-
� uenced, indicating that the computed lift coef� cients were almost
unaffected.There is no signi� cant differencebetween the two tran-
sition models.

In Table 1 computed transitionpoint locationsare comparedwith
experimental data.17 For small angles of attack both models exhibit
good agreementwith experimentaldata. For higher angles of attack
(® > 5 deg) the en model gives a better prediction of the location
of the transition point. The transition point predicted by the Michel
criterion showed a more � uctuating behavior than that predicted by
the en model, resulting in larger � uctuations in lift and drag coef� -
cients. The transition point predicted using the en model stabilized
in just a few iterations, and the converged solution was obtained
faster.

The lift and drag curves of the 19% thick FX 66-S-196 V1 airfoil
are shown in Figure 2, comparedwith experimentaldata.18 The fully
turbulent computation is obviously unacceptable; using the transi-
tion prediction models gives better results. Both models predict lift
anddrag well up to maximumlift, but at light stall the models predict
transition before the experimentally determined value. At high an-
gles of attack, the transition point approaches the leading edge, i.e.,
the lift approaches the fully turbulent computation. The computed

transition points are shown in Table 2, and both models give com-
parable predictions. Again using the Michel criterion resulted in a
� uctuating transitionpoint location leading to a longer convergence
time.

Conclusions
This study has described the coupling of a simpli� ed version

of the en transition model together with an NS solver applied to
low-Reynolds-number airfoil � ows. A two-equation integral lam-
inar boundary-layer formulation was solved using a coupled di-
rect/inverse formulation to determine laminar integral boundary-
layer parameters. The inverse procedurewas chosen to obtain inte-
gral parameterswell into the separatedregion, and also to overcome
the dif� culty of de� ning the velocity at the edge of the bound-
ary layer. Comparisons with the simple empirical Michel criterion
and with experimentallydetermined transition point locations were
made.

The results obtained in the present study indicate that proper
transition point prediction is crucial, especially when considering
the drag characteristics.

The NACA0012 airfoil at Re D 3 £ 106 has only a minor effect
on the lift prediction,whereas the drag characteristicsare in� uenced
to a greater extent. The FX 66-S-196 V1 airfoil at Re D 1:5 £ 106

clearly shows the importance of transition prediction for both lift
and drag characteristics.

No particular difference in integrated � ow characteristics was
obtained between the two models, but a faster convergencewas ob-
tained using the en model caused by stable transitionpoint location.
This model is thus superior to the empirical model and is therefore
preferable.
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Nomenclature
CLopt = lift coef� cient for Emax

c = speci� c fuel consumption
Emax = maximum aerodynamic ef� ciency for parabolic polar
h = altitude, m
S = wing area
T = thrust
t = dimensionless thrust, (TEmax=W /
V = airspeed
VR = reference or minimum drag airspeed, (2W=½SCLopt/

1=2

v = dimensionless airspeed, V=VR

W = aircraft weight
WF = fuel weight
X = range
X R = reference range, f8VRi0 Emax[1 ¡ .1 ¡ ³ /1=2]g=.c11¾

0:5
11 /

y = dimensionless exponent for speci� c fuel consumption
z = dimensionless exponent for thrust
³ = fuel-to-initial-weightratio, WF=Wi

½ = air density
¾ = relative air density with respect to sea level, ½=½0

Subscripts

a = � ight condition for v equal to 31=4

br = best (maximum) range condition
c = absolute ceiling condition (based on initial weight)
i = initial weight condition
m = maximum thrust condition
0 = sea level, 0 m
11 = tropopause level, 11,000 m

Introduction

I N classical � ight mechanics,1¡3 the range of a jet-propelled
aircraft is calculated using simpli� ed assumptions about aero-

dynamic characteristics, e.g., parabolic polar, no compressibility
effects; engines, e.g., thrust and speci� c fuel consumption are pro-
portional to powers of air density; and � ight pro� les, e.g., quasis-
teadyand level � ight.For a givenaltitude,themaximumrangewith a
constant altitude–constant lift coef� cient � ight program is achieved
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with dimensionless airspeed constant and equal to 31=4. When in-
creasing altitude to maximize this maximum range, two problems
appear: First, exponents � tting thrust and speci� c fuel consump-
tion as powers of the air densities are different in the troposphere
and stratosphere and different models must be used in those lay-
ers. Second, the available thrust has a � nite maximum value and is
impossible to � y at v D 31=4 abovecertainaltitude.This Note analyt-
ically solves these problems, offers a closed formulationfor the best
range and best-range altitude, and compares them with the ceiling
range and ceiling altitude.

Basic Equations
The usual approachesfor thrust and speci� c fuel consumptionof

a jet engine are

t=t11 D .¾=¾11/
z; c=c11 D .¾=¾11/y (1)

where t11 depends on thrust setting and c11 is a constant.
The quasisteady level � ight condition for an aircraft with a

parabolic polar gives a relationship between t and v,

t D 1
2
[v2 C .1=v2/] (2)

The well-known range equation for a jet-propelled aircraft with
constant altitude–constant lift coef� cient � ight program is1¡3

X D 4VRi0 Emax.1 ¡
p

1 ¡ ³ /¾
y

11

c11

1

¾ y C 0:5

v3

v4 C 1
(3)

and the classical unconstrained best-range condition for a � xed al-
titude (or � xed ¾ ) is

v D 3
1
4 D 1:316; t D 2=3

1
2 D 1:155

Thus,

Xa D
3

3
4 VRi 0 Emax.1 ¡

p
1 ¡ ³ /¾

y
11

c11

1

¾ y C 0:5

The preceding expression increases as ¾ decreases (that is, as al-
titude increases), and the maximum value for best range would be
reached at the absolute ceiling. At the absolute ceiling, however,
the only possible airspeed is v D 1 [and consequently,by means of
Eq. (2), t D 1]. Therefore, it is necessary to change the formulation
to analyze the dimensionless interval 1 · v · 1:316, with the con-
straint that in any point of the trajectory the thrust must be lesser or
equal to the maximum available thrust (T · Tm ).

Additional problems arise due to the different exponents z and y
used in the troposphereand stratosphere.Typical values for a turbo-
jet are1 troposphere: z D 0:7 and y D 0:2 and stratosphere: z D 1:0
and y D 0. Using these values, two separate formulations for the
troposphere and stratosphere are proposed.

Troposphere (z = 0:7, y = 0:2)

By the changing of the two degrees of freedom, from v and ¾ to
v and t11 , Eq. (3) is transformed to

X D 8VRi 0 Emax.1 ¡
p

1 ¡ ³ /

c11¾
0:5
11

t11
v5

.v4 C 1/2

By the use of a reference range de� ned as

X R D 8VRi0 Emax.1 ¡
p

1 ¡ ³ /

c11¾
0:5
11

a condensed expression for the range is obtained

X

X R
D t11

v5

.v4 C 1/2
(4)

where t11 D T11 Emax=W is maintained constant in the � ight.
For the best-range condition, Eq. (4) has a maximum for

t11br D t11mi D .T11m=Wi /Emax; vbr D 5
3

1
4 D 1:136

Therefore, tbr D 4=151=2 D 1:033; ¾br=¾11 D .1:033=t11mi /
1=0:7 , and

Xbr=X R D 0:2663£ t11mi .


